Introduction
In contrast to fingertip grasps, whole arm grasps are formed by enveloping the arms around objects. There are many tasks such as lifting up heavy loads or constraining large objects that necessitate the whole arm grasps. While there are many works which consider whole arm grasps, most of them are contact force analyses of power grasps and their robustness in order to firmly grasp objects which do not move relative to the anns [lO] , [l7] . On the other hand, our interests are to plan manipulating objects using the inner links of the arms in order to move the objects to a goal configuration. Such manipulation is called whole arm manipulation. There are some works concerning whole arm manipulation by Yashimal l l] , [ 15] ,Trinkle[ 121, Kaneko [4] .
Motion planning for the manipulation by a multifingered robot hand is a complicated problem since a number of the arms are involved but rather because of the nature of the contact such as rolling and sliding. Most of works deal with instantaneous or local motion planning, and assume that there are not any change of contact modes between the arms and objects during tasks. In contrast to the conventional manipulation, we consider the manipulation with changing contact modes so that we can achieve a dextrous manipulation. In this case, we should take into consideration for the manipulation systems with changing dynamics according to the change of contact modes and verify the kinematical and dynamical characteristics of such manipulation systems. Li [7] studied instantaneous kinematic manipulation planning by considering different contact modes. TrinkleC131 showed a global motion planning of dextrous manipulation with frictionless contacts. Cheriql] presented an algorithm of global motion planning for quasi-static fingertip manipulation. In these studies, the manipulation is restricted to a quasi-static motion.
For a system with changing dynamics behavior, the state space of manipulation systems consists of multiple partitions which correspond to a contact mode. Each partition is governed by a different set of differential equations. In order to complete a successful manipulation, it is necessary to plan transitions of the contact modes. The systems which can be modeled by discrete event such as a contact mode and continuous dynamics is called hybrid systems [fj] . Many studies about the hybrid systems are the stability and niodeling from the view of control theory. Zefran[lG] applied the idea of hybrid systems to the study of grasp gaits.
To my knowledge, there is no study about nianipulation with switching contacts.
In this paper, we first develop a mathematical conditions to be satisfied for motion planning, based on the kimenatics and dynamics of manipulation systems. These conditions give the restriction for feasible contact modes and the number of contact points. We then describe the basic ideas of manipulation planning, which is defined as 'given initial and goal object states, it is to find a joint torque trajectory, using rolling and sliding contacts'. The proposed algorithm is simplified using a randomized technique. Finally we apply the ideas to the simulation of a whole arm manipulation system.
Problem formulation
We consider a planar whole arm manipulation system which is subject to Coulomb's friction as shown in Figure 1 . We assume that each link of each arm (hand) has one contact point with an object. Each joint has 0-7803-6612-3/0lf$10.0082001 IEEE G N S and G T S are 3 x n S wrench matrices in the normal and tangential direction for sliding contacts.
G N R and GTR are 3 x n R wrench matrices in the normal and tangential directior, for rolling contacts.
The motion equation of the arms can be written &s Moq = GApfA $ 9 0
(2) where J N R , and J T R are hand Jacobians defined like the wrench matrices. 6 is the ne-vector of joint accelerations, and Ma is the nexne-inertia matrix of the arm.
T is the ne-vector of joint control torque. ga is the vector of torque caused by external wrenches and velocity product wrenches. 
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The physically admissible contact motion for rolling a.nd sliding contacts can be formulated as GZq =.TA$ (4) 3 Condition for motion planning
Kinematic aspects
The kinematic problems to be solved for a motion planning are to determine a joint velocity for a given object velocity or vice versa [3] , [9] .
The manipulation system is said t.0 be kinematically manipulable, for a given desired object \~eloc-ity, g, if it is possible to find a. joint velocity, 8 , to accommodate the object trajectory. This implies that.
J A E W ( 2 n~+ n s ) x
ne is full rank and 271R + 77s 6 ne.
On the other hand, the manipulation system is saicl to be kinematically determinate, if for a feasible joint velocity, 8 , the object velocity, 4, is uniquely determined. This implies that G A E R3x271R+ns is full column rank and 2 n R f 71s 2 3.
Dynamic aspects
The dynamic problems to be solved for a motion planning are to deternine a joint torque for a given object acceleration or vice versa.
The manipulation system is said to be dynainically manipulable, for a given object acceleration, 4, if it is possible to find a joint torque, r , to accommodate the object trajectory. This implies that ( i ) G A p E %3x2aR+a5 is full rank and 2 n~ + n~ 2 3 such that there exists f A for any inertial and external
is full rank such that there exists r which can control each component of f A , and (iii) J A is full rank such that 8 can be determined for a given object acceleration, q, from the acceleration kinematics,
which can be given by differentiating Equation (4) .
On the other hand, the manipulation system is said to be dynamically determinate if a dynamics model uniquely predict an object acceleration and a contact force for a given joint torque. Therefore, the problem can be reduced to a linear complementarity problem (LCP) that can be formulated as[8], [14] ~2 0 , y = A s + b , a T y = O
where The LCP has an unique solution for any joint torque if and only if the matrix A is P-matrix[2]. Therefore dynamically determinate requires that the matrix A in Equation (7) belongs to the class of P-matrix. From the result mentioned above, we can get the following kinematical and dynamical conditions for the motion planning of whole arm manipulation as:
A E P-matrix class (13) Note that these conditions restrict the contact mode and the number of contact points.
Instantaneous motion planning
In this section we now develop the algorithms for determining joint torques that will realize a specified object trajectory at every instant, satisfying the conditions Equations(8) - (13) . In the next section, we will relax the conditions on the contact mode and allow the modes to change.
We have the general problem that joint torques may not be unique for a specified object trajectory. When the system is dynamically manipulable with 2 n~ + ns < 720 for a.current contact mode, there are multiple solutions to 8 for 4. Using the generalized inverse of J A , the minimum norm of 9 can be uniquely determined for q from Equation(5) as;
When the wrench matrix, GA,,, is over-constrained, there are multiple solutions to a contact force for a given object acceleration. We can determine the minimum norm of the contact force, f A , which satisfies Coulomb's friction law by solving the following quadratic programming problem, 
The algorithm for an instantaneous motion planning is shown below. For a given contact mode, M,.and object acceleration, q ( t ) , the joint acceleration, O ( t ) , and contact force, f A ( t ) , are determined using Equations(l4) and (15), respectively. The joint torque, ~( t ) can be determined by substituting (i and f A into the arm dynamic equation (2). The states, g and 4, and 8 and 8 at next time step are obtained by an integration of q ( t ) and 8 ( t ) . Since the whole arm manipulation consists of a sequence of' partitions of state space as well as a continuous trajectory of the system, we call such a system hybrid system. Figure 2 illustrates the hybrid system. We now define the motion planning problem for the whole arm manipulation as, "given an initial object state, q ( O ) , q ( 0 ) and a goal object state, g ( t f ) , q ( t f ) , it is to find a trajectory which connects initial state with final state, switching rolling and sliding contacts repeatedly.' Each trajectory on the interval t E [t,,t,+l], 0 < t l < < t N + l = tf corresponds to each X,(M,). The trajectory switches from X, to X,+, at the switching time, t,+~. Specified an object trajectory, the motion planning problem consists of four components: (i) the number of switches, N ,
Global motion planning

Hybrid system
(ii) the switching time, {t3}y=l, (iii) the sequence of contact mode, {M3}Y=0, (iv) the state trajectory and joint torque trajectory on each interval [t,, t,+l] . Note that the object trajectory is assumed to be specified. But one can imagine a motion editing system where this trajectory is modified interactively, or an outer loop that modifies the object trajectory according to a cost function. The algorithm for the four components are organized in the flow chart in Figure 3 . We will describe each of these components and the organization next. 
Input system configurations
Algorithm
It is very difficult to find all components of motion planning problem for the hybrid system because the planning requires exploring the high dimensional search space. We can find an appropriate solution by assigning an object trajectory and a sequence of switching time. The planning problem can be reduced to the problem which finds the sequence of contact modes and joint torque trajectory.
The proposed manipulation planning, as shown in Figure 3 , consists of (i) generation of an object subtrajectory on [t,, t,+l], (OBJ-TRAJJLANNER), (ii) search for feasible contact modes, calculation of joint torque which is feasible to manipulate an object along the given object sub-trajectory on [t, , t,+l], generation of subgoals, and addition of feasible solutions into a list, LT, (MOTION-SUBINTERVAL), (iii) selection of desirable trajectory, (SELECT-OPT-TRAJ). (i) and (ii) are iterated whenever the switching time is updated until a final time, t f , and feasible subgoals are generated. Finally, the function SELECT-OPT-TRA J gives the desirable sequence of contact mode and joint torque trajectory based on the cost function, Figure 4 shows the iterative process of system state exploration using this algorithm. At each switching time, the feasible contact modes are determined and the subgoals are generated. Note that the states in each subgoal are different because the joint and contact states are different though same object trajectory is given. The function OBJ-TRA JPLANNER provides the next switching time, t,+1, and the object sub-trajectory, Figure 5 , the next switching time, t,+l, is assigned randomly for a current switching time, t,. Then the object sub-trajectory, 7, ( t ) , which satisfies the following boundary conditions,
-y,(t), t E [t,,t,+l]. As shown in
is generated using a nominal object trajectory, y o ( t ) , t E [O,tfJ which is usually known a przori as a desirable rough trajectory. The first and second equations in Equation(l8) show that the object snbtrajectory, y,, goes from object states, q ( t , ) and q(t,) to ~( t , +~) and i ( t J + l ) on the nominal trajectory. The third equation implies that a relative tangential velocity at each contact point makes zero at each switching time so that we can assign any contact mode at switching time. The idea of generating an object trajectory by giving a switching time randomly, rather that directly sampling the state space of the object, make the exploration quickly over the state space and the planner find feasible solutions easily [5] .
-. The algorithm of MOTIONSUBINTERVAL is shown below. Whenever the switching time is updated, a contact mode is assigned among 2 n~ combinations of contact modes, and the instantaneous nianipulation planning shown in the previous section is iterated at every instant on [t3, t,+l] for the assigned 7,.
The feasible contact modes are searched which sat-isfy Equations(8)- (13 
Simulation results
Consider to plan a whole arm manipulation in order to lift up an object toward a palm. As shown in Figure 6 , the fingers of a two 2-DOF fingered hand with a fixed palm are used t,o manipulate an elliptical object in the vertical plane with rolling and/or sliding contacts. Each 2nd link of the both arms has the contact with the object at the initial time. We assume that the breaking contacts are not occurred once the links contact the object. Cg is the base frame placed in the midpoint between the two joints in the palm and P-i is the coordinate frame attached to the ith contact point. The first constraint says that the total number of contacts between the object and the arms is less than four because of the assumption that the each link of each arm has one contact point. The second constraint is a condition for the motion planning which is obtained by substituting ne = 4 into Equation(8). The feasible contact mode set, M , which satisfies these conditions is M
( R R , R S , SR, 2SR, R2S,2SS, S2S, 2S2S},
where the first and second letter denotes the contact modes for the arm1 and arn12, respectively, and the figure denotes the number of the contact mode. RS indicates the combination of a rolling contact at the 2nd link of arm 1 and a sliding contact at the 2nd link of arm 2.
The object has a major axis of 0.37m and its minor axis is 0.30m. The mass of the object is 3.00kg, and the moment of inertia about the center of mass is ary conditions Equation( 18).
Concluding remarks
This paper presents the mathematical conditions and algorithm for the whole arm manipulation planning with switching contact modes. Changing the contact mode allows to extend the feasibility of manipulation. Motion planning for such a system should consider changing the dynamics and kinematics according to the contact modes. We showed the conditions about kinematic and dynamics aspects to be satisfied for the motion planning. The conditions give the restriction for feasible contact modes and the number of contact points.
The planning problem is simplified by giving the object trajectory using a randomized technique. It is not always guaranteed to find a trajectory whenever one exists. Though the algorithm is not complete, we could find the solution trajectory efficiently compared to the direct sampling approach. The main limitation of the proposed approach is that we must specify an appropriate nominal object trajectory a priori such that feasible solutions could be found by the algorithm.
